ON THE SPECTRAL THEORY OF
SINGULAR INTEGRAL OPERATORS

BY
JOEL DAVID PINCUS(!)

Introduction. The theory of singular integral equations of the form
*k (2,
%) A+ 2P [(ELDau — o,
ni J, u—24

for real A(4) and k(4,u), was founded by Hilbert [1], Poincaré [2], and Carle-
man [3], and in recent years has been pursued energetically by N. I. Muskhelishvili
[4] and I. N. Vekua [5] in the Soviet Union.

The operator, acting on L,(a,b), defined by the left-hand side of equation (1),
has usually been approached through the study of its so-called dominant part

b
@) (Lx)(A) = A()x(J) + — P j KALDXW)
ni ), u—4
which differs from the full operator in (1) by a completely continuous term.
However, the classical method of obtaining solutions of equations of the form

(L.— Dx(2) = g(d)
where [ is a number, has always been carried out under the restriction
3) [A(A) = 1]* — e*k*(A,) #£0,  Ae[a,b],
and it can be shown [6],[7] that [ is in the spectrum of L, precisely if condition
(3) is violated.

Nevertheless, despite the fact that the classical work on these equations does
not suffice to calculate the generalized eigenfunctions of (2), W. Koppelman
and the author were able to guess such eigenfunctions for the special operators
b

Ax(A) + %PJ

ic—(_%du (81,
(Lx)(4) =

1 b x(u) |
—P du 9
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and to give a complete spectral representation for them. Both these operators
have a simple continuous spectrum, but it proved possible to generalize these
results very slightly to certain special operators for which the spectral multi-
plicity was not greater than two. This was done in independent work by W.
Koppelman [10] and the author [11]; both sets of results being based on a com-
mon insight generalizing the previous work and using the same identities. How-
ever, even the case in which the multiplicity is two was not completely treated.
For example, the explicit inversion formulae associated with a spectral repre-
sentation (in the sense of Mautner) had to be dispensed with in this case [10]
because the generalized eigenfunctions were not known.

These singular integral operators were studied initially in connection with the
work of K. O. Friedrichs on perturbations of continuous spectra [12],[13] in
the hope of providing nontrivial examples in which the perturbation produced
a shift of the continuous spectrum and a change in multiplicity; the present
work is addressed to the multiplicity problem, and a complete spectral represen-
tation for a class of singular integral operators will be given. More precisely,
we will investigate under appropriate conditions the spectral representation of
the operator, L,, on L,(a, b) given by

b
@) Lox(1) = AGDX() + 2P f k‘—?%@ (.

That is, we will construct a direct integral Hilbert space 5#* which will be char-
acterized in terms of an integer-valued Lebesgue measurable multiplicity func-
tion m(&) (¢ € a(L,)) which we will exhibit explicitly, and a mapping & (isometric
when L, is self-adjoint) of L,(a,b) onto #* given explicitly by a sequence of
m(€) integral operators whose kernels are generalized eigenfunctions of L,;
furthermore, we will exhibit the transformation inverse to & explicitly as a sum
of integral operators on the components of 5#* each of which is given by a kernel
formed from the generalized eigenfunctions of L,.

1. The generalized eigenfunctions. Let

_ 1 * AW —1—ek(@) dp
1.1 E(l,z,¢) = exp !2; Llog A(p) — 1+ ek(p) p—z

where A(1) and k(1) e Ci(a,b) and Imz #0, Iml#0. Let us also introduce
the following notation

(1.2) E.(,2,¢) = E(,A % i0,¢),
(1.3) E*(¢,z,6) = E(££i0,z2,¢),

*

(2) It can be seen that we could have equivalently defined E(/, z,€) as a scalar product:

E(ly z,8)—1 = (\/Qsk(1), h—2) "1 (Le — 1)1 \/(2ek(u))).
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(1'4) F(&,Z,G) = E+(6,Z,E) - E—(f,Z,s),
(1.5) H(l,Ae) = E.(l,A,e) — E_(l,A,8),
(1.5a) F*(&,A,e) = lim F(&,4 % in,e),

nlo
(1.5b) H (€, 4,81= lim H( + in,4,2),

nl0

- 1
(1.6) E(l,Z,G) = E(I,Z,—s) = m,
(17) F(C,Z, _8) = - F(é’fﬂ‘:)’
(1.8) H(l,A,—¢) = — H(l,Aze)),
and thus
(1.9) F+(€al’8) - F-(é7)"3) = H+(§,l, _3) - H—-(E’Aa —£).

The function E(l, z,¢) has been defined in such a way that

(1.10) [A(A) — 1 — k(D] E+ (1, A) — [A(Y) — 1 + k()] E~(1,A) = 0

103

for Ae[a,b] and I such that Im! # 0. This follows from the Plemelj-Privalov

relations [4] which state: .
If

1" x(w
O(z) = o e Zdﬂa

then
D(A + i0) — ®(4 — i0) = x(4),

b
O+ i0) + DA — i0) = nl—ipj W g,

u—2a

under smoothness conditions such as x(4) € L,(a,b).

Now from the Hilbert barrier relation (1.10), we may derive

[A() — EJ[H(E + in, A) — H(E — in, A)]

(111 + ekD[ELE —in, ) + E_(§ —in,A) — E+({ + in, 1) — E_(§ + in, )]

—in[H( + in, )+ HE — in,)] = 0
for Ae(a,b) and real &.

Relation (1.11) follows from (1.10) simply by writing | = ¢ + in, subtracting,
and using (1.2) and (1.5).

It can be seen from the following remarks (but will not explicitly be demon-
strated here) that the function H(¢ + i0,4) — H(¢ — i0,1) is one generalized
eigenfunction of the operator
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(1.12) (LX) (A) = AD)x(A) + = k(z)Pf "(")

corresponding to the spectral point £, and it is our purpose now to construct
enough other eigenfunctions to furnish a complete spectral representation for
L, under conditions which will be specified later.

More specifically, we make the guess that there exist real, smooth functions
{4,(®)} such that j ranges over a finite index set, and

A [ HE + in,4) = HE = in, })
[ -a i i [ ]

g . . PH(E + in,u) —H(E —in,p) dp
+ —k(A) lim lim PJ; W+ i5=1,0 #_1—0
and the object of this section will be the determination of such a family of
functions(®).

Accordingly, let us divide relation (1.11) through by the unknown function
A+i6— A&, 6> 0, and observe that, for # >0 and Imz # O for z in a neigh-
borhood of an endpoint, ¢, of (a,b) and I=¢& +in, 7> 0 it can be shown
that [4]

1

(1.14) E(,z,6) = 0 ((7—177) r<s

(1.13)

3-20,6>0 n-0,n>0

and then Cauchy’s theorem can be used to conclude that

wis) — L [HCrimp dpe 1 L E¢tine) do
. 2ni J, pid—AL9) p—z 27 J, o+i6—Afd) o—z

where C is a smooth contour of the type shown.

C
oz
°2(&)—is
FIGURE 1
But this last integra may be evaluated by the Cauchy residue theorem to give
W) — L g E€tino) do _ EE+inz)  EE+indE) - i)
’ 2ni J, 0+i0—A(8) o —z z+i0—21L(%) A(&)—idb—z

(3) These functions, as will be seen, are weak solutions of the eigenvalue integral equation.
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Therefore we may use the Plemelj-Privalov relations to conclude that

E.C+in,)+E_(E+ind) 5 E(¢ + in, A(&) — id)
T+ 16— 4,0 L@ —i6—A

_ Lo (P HE+inp) du
(1.17) = =P A AT

and we have

[0y - [AEL 0 — FE = in D)

1+ 16 = 2,8)
g YH(E +in,u) — HE — in,p) du
(1.18) + kWP | Ry i
. [H(z: +in, A) + H(E — in, A)] _ 2ek(h)
n T+ 16 — 4,8 L@ —is—4

[E(E - in, 20(&) — i6) — E(¢ — in, (&) — i0)] =
Passing to the limit, we get for 1 # 4,(£)

[A() - €] lim nm[’ﬂ“lw H(E — in, ]

Jm lim Z+i0— A0
YH(E+in,p) — H(E —in,p) du
(1L19) & k) lim lim P | SRS
26k(%) _
+ T FEAE) = 0.

Thus, subject to the existence of the above limits, we see that a sufficient con-
dition for equation (1.13) to hold is that 4;() be chosen so that F(,1;(¢)) =0.

With the above remarks as motivation, we pass to a detailed study of the
function F(¢, z).

2. The principal function, F(£,z). We assume for the following that 4A(4) and
k(2) e C1, and that k(1) > 0. (We could equally assume k(1) <0.) Furthermore,
we assume that the zeros of the functions R’*(1) = A’'(1) + ek’(A) partition
[a,b] into a finite number of subintervals [o;,a;,,] wherea =o; <a, < -+ <a,
= b and on each of these, one of the following four conditions holds:

Case 1.  R*(M)Y, R"(H?

Case 2. R*(Ht, R (W)

Case 3. R*(M)|, R"(M)?

Case 4. R*(}, R ()|

strict monotonicity is indicated.
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Consider now the function

boAw) —l—ek(n) dp "GO [t A(w)—l—ek(p) dp
L'° A —Tvek() i-z ~ 2, f o8 T —Tek() 1 -z

(2.1) -t
= X I(z,)),.
k=1

LEMMA 1. For each k=1,2,---,n—1 there exist two Lipschitz continuous
functions T,(v,e) and S,(v,€) such that

_ T (v,e) — z dv
(2.2) I(z,]), = J;n log S —zv =1

where

G, = [ min (A(A)—ek(d)), max (A(l)+vek().))].

Aefawc,ac+1] A€ [a,ac + 1]

Proof. Let v= A(u) — ek(n), pela,, o, ,]; then we may use the implicit
function theorem to solve the equation A(u) — ek(u) — v =0 for p in terms of
v to get a function u_(v,&) which satisfies v = A(u_(v,¢)) — ek(u_(v,£)).

In a similar way we get a function p,(v,e) which satisfies

v=A(.(v,¢)) + ek(u4(v,¢)).
Then in Case 1, set:

Let1s Aoy 1) — ekl 1) < v < A(aer ) + k(@ y),
p-(v,8),  A(x,) — ek(o) <v < Aty +1) — ekt 4 1),

s A(a,) — ek(a,) < v < A(w,) + ek(,),
pe(v,e),  Alx,) +ek(a) <v < Ao+ 1) + ek(ae+1) 5

S,(v,8) = {

T (v,e) = {

and for Case 2, set:
Se(v,8) = sy,
p-(v,e), Ale,) — ek(a) > v > Ao+ 1) — k(@ +1),
T.(v,e) = { a,, A(e,) + ek(a,) > v > A(a,) — ek(a,.),
B (v,8), Aoy 41) + ek(o 1) > v > A(er) + ek(ay) ;
for Case 3, set:
T (v,e) = a,
p-(v,8), Aoesy) — k(o) > v> A(x,) — ek(ay),
S(v,8) = $otepys Aty ) + k(o) > v > A(des 1) — ek(aysy),
B+ (v,8), Ao + ek(ae) > v > Aty 1) + k(%c41) 5
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and finally, for Case 4, set:
(.0 {a,m, A0y 1) — k(0 1) <V < Aatyr 1) + k(004 1),
1+ (v,8), Alagsy) + ek(ags 1) <v < Al + ek(ay),
Oy A(a,) — ek(a,) < v < A(a,) + ek(e,),
e = {u (18), A1) = k(o ) < < Aley) = k().

The proof of the lemma is now obvious(4) and involves only substitution of
these functions and integration by parts.

Letusnote here for future usethat S, (a,, &) = T, (a,,&)and S, (¢, + 1, &) = T, (4 1,€),
and if the functions R*(J) satisfy the conditions of the correct combination
of cases on the intervals («,,®,+,) and (o, 41,%+) then it is possible to find
intervals of

teo = Uo‘ —-[ min R™(y), max R*(/z)]
u

€ (a,b) u € (a,b)
for which S,(¢,¢) = T, ,(&,¢). For all other & e o, we will have
(2.3) T (&) < S () < T () <+ < T, 1(§) < S,-1(8).

If S.(&,¢) and T, (¢,¢) are extended to ¢ by setting them equal outside o, to
the constant values they assume at the endpoints of g,, then

n 1 _
2.9 E(l,z,e) = exp{ f log g((‘:f;)) _zz vd_v l}

and we may define the ‘‘multiplicity polynomials”’

n—1
(2.5) T(v,z) = l;[l [T(v,e) — 2],

n—1
(26) S(V,Z) = l;[l [SK(V,B) - Z].
Now it is easy to show that
_ N s Aw—¢—ek(p) | du T(e)—z
.= ool el EHZEEH 1Y) | (56573)

ol [l 50 ) (43

by evaluating arg(A(u) — & + in + ek(p)) as n—-0.

(4) We might also have proceeded directly from the relation
log {(A(s) — I — ek(u)/(A(s) — 1 + ek(u)}
—a=t f, arg {(A(w) — v — i0 — ek()/(A@) — » — i0 — ek(u)} (dv/—D).
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Therefore, we may deduce that
_ _TE,2) - S8¢,2) b Aw) — E—ek(p) | dp
@9) &2 = F5Es 1, 2) exo| 37 J o8 | o | 23]

and it is now clear that the roots of F(&,z) are the roots of the function

T(é) Z) - S(é’ Z)
VS, 2)T(E,2))

Now if we call 8(¢) the set of indices k for which S,(¢,2) = T,(&,2z) or
Sx(f’ Z) = Tx+1(€> Z), then

(2.10) W(&,z) =

Tao-2- 11 60-2
Wi s — J
N B IRTGEEGEDR

J¢6(®)

Thus the number of zeros of W(¢, z) depends upon £. We will call this integer
m(€) — 1 and observe that 0 < m(£) < n and the roots 4,(£), ++, Ay -1(&) are
easily seen to be both real and simple for each fixed £.

It is possible to give a formula for m(€) that does not involve S(¢, z) or T(¢, 2).

Let us simply note that

@.11) ): log FI= T)—-z_1 f b AW = E—i0—ek() du

5.0-z 7J,M AW -E—i0+ek(u) n—z

and for fixed ¢ the contributions to the integral come from a set of intervals
on each of which

A(p) — & — ek(p)
A(p) — & + ek(p)
The number of nonvanishing terms on the left of (2.11) will simply be equal

to the number of such intervals, and this number will be equal to m(&). It fol-
lows from this representation that m(&) is Lebesgue measurable.

LemMA 2. If f(A) e C®(a, b) and we define

(2.11a) Tf = lim [H(§+m, ,—¢&) — H(¢ —in, A, —e)]1f (A)dA,

n-0,n>0 a

then

b
If = lim [F(& A+ in) — F(& 41— in]f(D)dA.
n-0,n>0 a
Proof. This theorem concerns an interchange of orders in a limiting process
(if it is rewritten in terms of the E(l,z)-functions). The assertion makes sense
formally because of the identity
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Hi (4, -8 - H.(,A, —e)=F*(§,4,6) - F (¢, 4, );

nevertheless, the result is not immediate because the required uniform
estimates for justification of a limit interchange do not seem to follow
easily. We will, accordingly, pursue a less direct route in the proof, and will
arrive at the result finally by considering the question in a somewhat widened
context, and invoking the following theorem of H. G. Tillman [14].
DEFINITION. A distribution T on R with values in a locally convex vector
space F is a continuous linear mapping of the space 2 = Cg(R) into the space F.

THEOREM (TILLMAN). There exists a natural isomorphism of the space of
F-valued distributions T with compact support and the space of F-valued holo-
morphic functions t(+) in the complement of a compact set K < R with the
property that t is also holomorphic at infinity and satisfies a condition
p(t(2)) < M, {d(z,K) ™ + d(z,K) '} for any continuous seminorm p in F.
(d(z,K) is the distance between z and K.) This isomorphism is defined by the
formulas

(2) = 5= ls= 271,

Tf lim | f(s)[t(s + ie) — t(s — ie)]ds, fe2.

e—-0
To begin the proof, we note
Observation 1. T, defined by (2.11a), is a distribution with values in L,(0).
Clearly, in order to substantiate this observation it will suffice to demonstrate
that T'is a bounded map of L,(a,b) into L,(¢); and we proceed to a demonstra-
tion of this fact(5).
Let us define

S T A +in,4) — A —in, )
212 W*‘—‘mﬁ JU)BE)

27 yao,n>0

-f(A)dA
where
n—1
B(¢) = \/(28 Z Sj(é,e) - T](éae)) .
j=t1

Then U generates an isometry from a certain linear manifold, D(U)(6), which
is generated by the elements {,/2ek(1), H(w,l)/JZek(l)} as o ranges over the
complement of ¢, to the manifold generated by the image of these functions;
namely (as we can easily see), the manifold generated by

(5) This demonstration is related to a somewhat different construction in (10) which does
not quite suffice to prove this observation.

(6) D(w) is the smallest closed invariant subspace which contains J(Zek(l)), because
(Le — @)1/ Qek(A)) = H(w,A)] [/ (2ek(R)).
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{B(é) B . 1}
J2s J2o o

which we call D(U™Y).

The assertion that U restricted to D(U) is an isometry means that certain
scalar products are equal, and these equalities follow easily. For example, we
can show that

* H(w,A) B 1  _B®
o \/(26k(2)) s V2 -0 (2

Now we shall construct an extension of U-! which shall be such that the
closure of its range will be all of L,(a,b). For this purpose, consider the vector-
valued functions

dat.

- JQek(2)) di =

9(8) = (80(£),81(8)s s 8my-1(%)

where each component g,(£) is complex valued and the number of components
on the right-hand side is m(£). Each g, (&) is defined on the measurable set
7. ={¢& ]m(é) 2k}, and we let s#* be the set of all g(¢) with measurable
components for which

mé)—l
@.9) = f | (&)|2dé < .

A scalar product is introduced in #* by setting

m($)—1
(f.9) = f S L0nO®,

and the equivalence classes in 5#* with respect to functions of vanishing norm
form a Hilbert space which we again call 5£*.
If we let, for (et

L TEAE) .
WO =seze) - reaey b

we can easily show that p;(¢) = 0 follows from T;(¢,e) < S;(¢,€) < -+ < §,-4(&)
< T,_4(&); and we may define

Uextended(g) i "*(}1:20 ( J; B(c) -\/k(l) gO(&)dé

uj(é) F(é,/l +in)  F(&A—in)
f \/ 28k().) A +in — ;%) T in— lj(f))gj(é) df)
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Then, if

_(Fen R )
g: = (B((‘:)/Zs * - ll(é)\/'ul(é)’ s Z"Am(g)—l(f)\/”m«)-l(é))’

F(¢A+in) — F(¢A—in) F(¢,2) de
B(&)\/k(4) B()/2¢

* j§1 oK) ()» +in—2A(8) A—in— lj(é)) z =% d{).

In order to evaluate this function explicitly, it is only necessary to notice the
following elementary fact:

T(V’ y) _ T(V,.)C) — T(V,X) S(V, y) - T(v,y) S(V,X)
T(v,y) - S(V,Y) T(v,x) - S(v,x) [T(V, J’) - S(V, y)] [T(V,X) - S(V,X)]
and to expand each term of the left-hand side in partial fractions. We obtain

T(v,x) _ me) -1 T(v,4/v)) 1
S,x) = T(%x) ;=1 S’ A4 — T'(,A40) " x— 4,00

X

Undnied(92) = e lim ( f

27 y0,n>0

+ a term constant in x.

m(v)—1

X [S,n-Tm]
j=t

Therefore
1 TSN = TENSE,x) " Jm0) )
x =y [T, x) = SO, )] [T(, y) = SO, 1] =1 ¥ — 400 x = 4,0)
(2.13) 1

m(v)—1

2 [Tj(vas) - Sj(v98)]
ji=1
But by Lemma 1 (2.4),

_ 1 T(v,z) dv
E(.2) = exp ‘Zt—l J;log S(v,z) v_—l}’

so that the Plemelj-Privalov relations imply

T(v,z)Et(v,z) — S(v,2)E-(v,z) = 0

which, in turn, implies, after a little algebra,

T(V, zl) S(V, 22) - T‘(V, Zz) S(V, zl)
[S(V,Zl) - T(V,Zl)] [S(Vazz) - T(V,Zz)]

= E+(v, ZI)E_(V,Z-z) - E—(V,ZI)E+(V,22)-

F(v,2,) F(v,2,)
(2.14)
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But now we can use the Cauchy residue theorem to get

'i%lf fa{E(v + iO, Zl)E(V —' 10, 22) - E(v - iO, Zl) E(V + iO, 22)} dv

(2.15) 1 . 1 [ 1 1
= — @ E(U, 1z)dl = — _
(ch (Lzy) E(L,2,) lﬁsk(u) { P, }dﬂ

2ni n h—2z;

from which we obtain, finally

J@ek(2)

Usxtended(92) = R

Hence, if we consider Ugmndea as being defined on the manifold generated by
{DU™),8", 877"} = D(Usxiended)

we see, since the functions {\/(2ek(4))/(A—z)} are dense in Ly(a,b), that the
closure of its range is L,(a,b).

Moreover, we can show that Ueengea restricted to D(Ugmnged) is an isometry
since all the scalar products involved in this assertion can be calculated by using
the foregoing identities and the residue theorem. The required calculation is
tedious but elementary.

Accordingly, Ucxendea has an inverse, which we will call Ueyenged, Which can
be continuously defined on all of L,(a,b). However, since

Jesk) | &)
U{ i-z } = B2

we must have PUexendea = U, Where P is the projection from s£* onto its first
component.

Thus, U is a bounded map from L,(a,b) into L,(6); and it then follows that
T is bounded. Hence, a direct use of Tillman’s theorem now proves the lemma.

REMARK. A real convex lower-semicontinuous functional p(h) on a Hilbert
space H is bounded by the Hilbert norm, i.e. there exists a constant M, such
that p(h) < M, | k| for all heH.

Thus all semi-norms on H [15] are bounded by the Hilbert norm.

But the relations

1 (PHE+inp , 1 [ EC+inw) , .
T ), p-z d”_ﬂ-ic—_w—z do = E(¢ +in,z) — 1

imply that

-1 F ’-
U JkE)[s-2)""]= lﬁi/z()i)'
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But by (2.13) and (2.14), we can assert

JIF(C,Z)IZ & < fIF(f,Z)lz T(¢,2)S(§,2) — T(£,2)S(¢, 2) dc
e Bz(g)/z8 = ¢ Z— z [T(é,z) - S(ész)] [T(é,z-) - S(f,f)]

and by (2.15)

| F(¢,2)|? j 2.
L1 dEL2 | ek =dp £ Cd(z,[a,b
B2 W —— = |2 (z,[a,b])"
Thus we have another proof of the lemma from Tillman’s theorem and a
direct estimate of the norm of the indicatrix function.
We may also conclude that, for é > 0,

1 A)dA
- My sy 3 v M AS
. YF(E,A+in) — F(E,A—in)
= 1 .a. .
"_'01‘1310 , T+ 15— A0 f(A)dA a.a. éeo

Now we turn to

Lemma 3(7). If g(&) e C®(0), and we define

Tg= lim | (F(A+in)—F(&A—in)g(&)de,

n-0n>0 Jo

then

Tg= lim (H(S + in,4) — H(E — in, 1)) g(5)d¢.

n=0,n>0 Jo

This follows in much the same manner as Lemma 2. First we observe that

1 1
T = —T - —
VKA B(©)
is a bounded operator on L,(0) because J = U~1 on Z(U-1) where U is defined

in (2.12); this identity follows from an explicit computation of the images ob-
tained when J acts on the elements generating 2(U-1). If we further observe
that the set of functions {B(£)g(&)} is dense in L,(c) when g(£) ranges over
L,(0), we can conclude that T has a bounded extension defined on all of L,(o).

Now let us again compute the indicatrix function T[(s—1)-1]. To do this,
simply observe that

F(E,u+m)é 1 §E(w,u+in)dw=
C

21u 1= 2ni w~—1 E(Lp+in) -1

(") Lemma 3 will not be used in the proof of the representation theorem.
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where C is a smooth contour enclosing ¢, and therefore
T[(s—l)"] = H(l,s).

Now, we again invoke Tillman’s theorem and the lemma is proved.
REMARK. We couldshave given another proof of the lemma from the identity

(2.16) (I, = 1D H(ly, )AL, ) = 2ek(D{E (I, DE_(15,4) — E_(I1, D E 1 (I, A)}

which follows immediately from the basic Hilbert relation (1.10), and which
in turn enables us to conclude that

G Ao H(lude) . 1 1
(2.17) f BT R e s J;B(){v—lz v—II}dv

from which an estimate of the norm of the indicatrix of T follows. Again we may
also conclude that, for 6 >0, g(¢) e C*(0)

lim F(&,A+in) — F(&,A—in)
n-0,n>0 Jo A + i0— }'J(é)
= om0

g(&)d¢

g(&)dé a.a. Ae(a,b).

LeMMA 4. Let G denote the set of those functions in C®(o) which vanish iden-
tically in neighborhoods of the points A(w,) * ek(oy) and Ay ) + k(g4 1),
k=1,2,---,n

Then the mappings M7 generated by

.. _F(,Axin)
M) = lim lim M} = lim lim f d
J(g) 20 910 J(g) 310 110 l"' 6 A(é) (é) é
map G into L,(a,b), and
b
lim lim | |M;,(8) — My(g)|dA = 0.
30 nla Ja

Proof. Recall that

L . r A(p) — & — ek(p) du
Reax i = Weax i eplos [ log [ frq] P,

Thus we may employ Jensen’s generalization of the inequality between arith-
metic and geometric means [16] to conclude that

. . ® A(p) — & — ek d
rea il seasil 1 G0 =e sl e

where the square root in the integrand is defined to be identically equal to
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one when p ¢ (a,b). But since n and § are positive, we can use Fubini’s theorem
to write

n f ( F4(9) T, 2+ in) — S(S,4 + in)
n A+i6 — A8 /(S A+ in) T(E, 4 + in))

? A(p) — & —ek(w) du
. \/ (i =) =)
1 g T@A+in) = SEA+in)
w) =T EE ), TF - 4D YSE A+ TG 1+ i

Ap) — & — ek(®) ) n j ® du
dé = = ——G(4,u,n,9).
\/(A(u)— i B e e e
Now we will estimate G(4,u,n,6) for A,u in the interior of [a,b].

TE,2) — SE.4A) ‘ A(p) — &—ek(p) )
A+i6— 2,8 A(#)M &+ ek(p)

(A)

(B) IG(A"M,'I, 6)' § max Ig(V)I
VET;

t,nD(g)

' JIS(é,l+zn)T(€,A+in)I

T(¢, A+ in)— S, A+ in) — T(E,2) + S(E, l)l
A+ 16— 208

+ max |g(v) |
verty t;nD(g)

. ( Alw) — & — ek(w) l) d¢
\/ A — & + ek(w) VS, A+ in) T(E, A +in)|
where D(g) denotes the support of g(&).

When 4 is interior to one of the intervals of subdivision of [a,b], say [, % +1]
there will be a corresponding point set {5} < 7;, consisting of a finite number
of points, for which one of the functions S,(£) — 4 and T,(£) — A vanishes. Since
the functions S,(¢) and T,(&) take their values in [e,,a,,,] we see that S,(&) — 4
and T,(&) — A are bounded below independently of & for Ae[a,,a, 4] as long
as r # k and r # k % 1. For these adjacent intervals we must consider what hap-
pens when A is an endpoint, say «, .. There will now be, in general, a whole
interval of ¢ values on which one of S, (£) or T, (&) will constantly be equal
to A. Not more than one of these functions, however, can effectively behave in
this way. For if S, (¢) = a4, and T, (§) = a, 4+, then cancellation would occur
in W(&,2).

Now, when A varies in the interior of (a,,o, +,) the set of £’s for which, say,
S.(&) — A=0 intersected with D(g) is such that |S,(£)| has a positive lower
bound, m.

Let us note that S,(¢) — T, (£) has a positive lower bound on the same set and
|W(€,A)/().+ i6— ).,(é))l remains bounded as -0 so long as e1;.
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We will achieve our estimates by breaking the ¢ interval of integration into
a sum of integrals of the form

$i—n/m & &l +n/m
a {'i" nim &

where # has been taken so small that if £¥ is a zero of S,(¢) — 4 and & is either
another zero of S,(&) — 4 or a zero of T (¢) — A then & + n/m < & — n/m. (There
is an 7 independent of A such that all n <# will accomplish this.) We will not
treat all the possible cases here but will merely indicate what happens. Suppose
we only consider the last integral explicitly, with the others being treated ana-
logously.

By the mean value theorem we can set S, (&) — 4 = (¢ — £5)S.(€) for some &
intermediate between ¢ and ;. Then

1 < !
JIA+in=80)| = Jt— (&= &)m)
and we can assert that there is a constant, C, such that

K+n/m (&, 2) A(u) + ek(p) — &
|G e v N e e

J

for&E<&<&i+n/m

C S +n/m de¢

<

= TMers— A= il A=) Jox TG G=Em) | AGw) — ekia) — E])
¢ LG,

= Jtees— A= in] Ja, — 4= in])

There are now several cases that may arise depending upon the location of u.
If u is such that A(u) — ek(u) — & —n/m >0, then

V(AW — ek(w) — £5— n/m)
V /m) = (A(w) — ek(p) — &)

2
J (A1) = N log

but if A(u) — ek(u) < &5, then

2 \/ m(&; — A(w) + ek(w)

Jm Jm tan ( " )

and if, finally, &(u) = A(u) — ek(p) is interior to the integration interval, then
V(= Aw) — ek(p) — Em)
1= m((A(w) — ek() — &%)

Thus, in all of these cases, J,(4,u,n) is bounded, say by M, for all values of
A, pt,m) With A € (@, % 44), p€(a,b), and n <7

Jx(}'a 22 ’l) =

.

T 2
1)) = I |
J (4, 1,m) Jm +\/m og
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We may therefore conclude that there exists a constant C; such that
C,( 1+mM
l’1| |“k+1 —-i- i'll)’
Ae(a,b),

where N(4,u,1,d)is the maximum taken over x of the contributions to G(4,,1,9)
from the integration interval just considered, and the inequality follows because

n (% du
- ————— N4, u,n,0) | £
x ). GorapGendls g

)
= Oy < max 1)

for any continuous f(4).

Using analogous results for the other ranges of integration, and adding all
of them together, we will finally be able to assert that there exists a constant G,
such that

b
f |M! (g)[dA <G,

for some rin 1 <r <2 and fixed 6 > 0.
Then we may use a result on uniform absolute continuity [17] to conclude that

b
f lim | M} J(g)|"dA < o,
anlo

and

b
lim [Mi. (&) —lim M] (g)|dA = 0.
nlo

n"l0 Ja

Now let us note that the dependence of G;on é comes from the second term in
(B). We have used the Lipschitz continuity of T(£,z)—S(&,z) in z and taken a
d-dependent lower bound for [A + i6 — 1,(£)] ™" If, for a fixed &, we go to the
n limit, this second term will give a vanishing contribution to the estimate of
lim, 0| M} 5(¢)| and we can find now an absolute constant G such that

b
f lim |M](g)dA £ G.
anlo
But we can then conclude that

b
f |Mi(g)|"dA < G

and

b .
lim lim f | M (8) — MU(g)|dA =

510 n]0
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3. The representation theorem.

THEOREM. Let k(%) and ky(A)eC! and be positive on [a, b]; and let
k(4) = k(2 ky(A), and let the hypothesis of Lemma 1 be satisfied(8).

Then if we define the transformation &:L,(a,b)—3¢* generated by the
formulae

FfA) = {86(D), " &mr-1(D} = 9(O)
where & (”f(l) = (O,

b H(c+iﬂsl,_8)_H(§—lﬂals_5) f()')

go(&) = lim i, teo,
21” nl0 Ja n T k2('1)

(3.1 J (28 1{31[5,-(6,8) T,(é,e)])

® = L timlim [ HE*inA—0) = HE—in4, —2)

27‘ 51090 Ja A=A +ié

w(®\ F()
\/( > )kzu) di, Cem

and for the transformation J :#* — L,(a,b) generated by the formula

_ F(¢,A+in',e) — F(§,A—in',e)
62 1D= = 35 lim f‘f?kzl S Y N (S F 7L

(® 8
\/ (5 ) 2

1 F(f’}*'i' i’]',&)—F(f,l— i’? 38) gO(C)
— —1lim = d¢
= [, o @560 -TcaD P

we will have: & is a map of L,(a,b) onto 5£* such that
ST =1 and I¥ =1,

and
b
11Ol = [ 22N an,
with
L(LS(+)) = {¢go(8)s -+, Eqmey-1(8)} = Eg(©)
where

L) = A(x() + 2P J b'-‘-‘%)—’fﬂx(u)dp

a

(8) Somewhat more is proved: namely, the theorem holds for complex-valued coefficients
k(A,p) in case the k(A,u) = k(4) k().
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Proof. We will show first that 7 = I. Suppose that the components of g(£)
are each in C®(c)and vanish in a neighborhood of the points R*(«,), R*(¢;44);
then we will show that we will have, for (e, k=1,.--,n—1(9)

J'H(€+m, A, —e) — H(¢ — in, ,~8)\/uk(é) di
k

8O = 2 i e T4+ 0

2 1510 nio0

, (v) g,(v)
SRS F@, A+ in',6) — F(y A — i) \/ '
{ 20 oy o ,21 f T A+ 0 o

3.3)

J‘F(v,l+irr’ ,8) — F(y,A—in',e) go(y) dy}
0 ky(4) '
"‘ \/ 2 Z [Si(r.¢) - Tj(v,s)])

In order to prove this assertion, let us consider the quantity, for I = ¢ + in;
n>0,6>0

o = l—llm i b H(l,A, —¢) (y,.(g) dA )

270 510 1o Ja A—A(E +id 2 k(%)
(3.4)
N F(y,A+in',8) = F(y, A — in’,e) gu(») /u,..(v)d )
( 21 oy m f . = Ip0) + 18" k() '

Now by Lemma 4 we know that the following expression

F(Y9l+lﬂ 8) ' e
f “ f’ A= 2a(7) + zé’g"‘(?)dvl <G,foranr>1,

has boundedness properties which enable us to conclude [17] that the 6’ and
n’ limits can be interchanged with the A-integration. If we do this, and use Fu-
bini’s theorem we will have

I{() = g lim lim lim lim | J(.0)R(8) ga(n)dy

sl0 nl0 4'l0 n'lO Tm

(3.5)

YH(, 2, —&)[F(y, A + in’se) — F(y, A —in’,&)] dA
j [A=2;&) + i0][A — An(y) + i6"] 2ek(A)

But let us note [18] that if L(1) and J(y) are continuous, then for r > 1 we
can use a well-known inequality to assert that

(%) We will not explicitly treat the other cross terms; they can be evaluated in an analogous
way.
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(] lierar )"'

= fb( f tmlm)%%lrlﬂv)lﬂv)m di

and thus we can again use uniform absolute continuity to exchange the 4’ and n’
limits in (3.5) with the y integration.

If we do this, and then invoke Lemma 2 and formula (1.8) we can conclude
that

b F(y, A+
R w7y

50 = limlim 2 | @) 20

010
(3.6)
lim lim *H(1,A, —)[H(y + in’,A,e) — H(y — in’, A,e)] di
520 =0 Ja [A =24/ +i86][4 — An(y) +i6°] 2ek(2)

Thus let us examine

1 J"’ H(l,A, —e)H(y + in’, A,¢) dl
21 )y (A= A,0) F 18] [A = A7) + 18] 2ek(A)

which, by virtue of (2.16), can be written

E(l,z,—¢)E(y + in’, z,¢) iz
2m I—y—in" J [z = A/8) + 6] [z — An(y) + i6']

where C is the contour of Figure 1.
But by the residue theorem this last expression is equal to

1 1 sqr s s
1— y— inl {lm(}’)+ i — i’ — lj(é) E(L}'m(‘y) —id s _E)E(y + n 9)'m(‘)’) ié 33)

1
T IO+ -1 — )

E(,A,(8) — i5, — &) E(y + in', A,(6) — ia,e>}.

Now subtract the same expression with —#’ and go to the n’ limit to get

1 [ [E(Am(y) — i8', . N ) B
- v{ [lm(v)+i5+15'_ J(g)[E (7, An(y) = 16",8) = E (3, A,(y) — 16", €)]

E(L,A() — i6, —
IO+ i6+ i — ,,,(y

and if we take the &’ limit, we obtain

1 {E_(I,A,-(é)-
L=y L4Q) + id ..,(v)

) STE @) = .0~ B0, 140 — 8.1 | )

) [E+(3, A(&) — i6) — E~(r, 4,(6) — ia)]}.
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Let us note for future use that this iterated limit is equal to the limit obtained
by setting n’ =6’ —0.

We have now obtained
gn(¥)dy

I'(D) = lim lim
J(l) 510 nlo 47‘2

f x/(ﬂm(v)u,(é))

L ET(LALY — 15, —¢)
{A,-(c) ~ 1o = ap T AO- us)}

Let us denote the quantity whose limit is being taken by J7(1).
We wish to evaluate

J7(E + in) — J™(E — in) in thelimit n— 0.

Now

T m . - s 1 \/ (M)
lim 1 &+ in) = (&), — — | M EmASRN)
;?3 ﬂlflg JJ (6 l") E +(6, Aj(é)’ 8) 161{[; lﬂlfg 47[2 Tm 6 I i’7 ?

Fo a0 =i5)
1) = 8= 1D

—is, - oL [ )
+ lim lim [B™(E+in 46)~i0, —e) = EL(6. 2,0~ i8, = g5 ) ~F =

, F&,348) — i)
L yro e ey W Rl

* &)

But for each fixed positive d, the continuity properties of the integrand imply
that the n-limit of the integral exists and is finite for each £. Hence we can con-
clude that

. - VM)
lim lim, J7@ +in) = BG40, —olim lim - 02 | =2 =y

FG, 4 = 10)
IO = 16 = 2

Finally, if we use the Plemelj-Privalov theorem in conjunction with the fact
that F(&,1,(¢), —¢) =0, we can get

- — mey o F(y,4,() — i6)
l . + _— . —_ = J

U OnAO) [EZ(E,41(8), —8) + EZ(£,4,(8), —8)]

and if we now use relations (1.6) and (2.9) together with

&n($)
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(2e2) g ALt ) ) 4)=2-k0)
5= (e )elamee [ s S NEoEe=k
S(i,l) P AW —E—ek(p) du A(3)— E—ek(A)
m60- (e ool e i i | i=crae

and do a little bookkeeping, we can conclude that

R F(y,2(&) — id) - -
lim 1 J (&), — (£), —
im tim [ AD =] (B0, -0+ EXA(0, ~0)
1 L
= { m® Hy=m
0 if j#m,
and thus
&, j=m,
lim lim  (JT(E + in) — JP(E — in) = {
#10 mio 0, j#m.

While this calculation shows that ¥J =1 when the domain of 7 is suffi-
ciently restricted, it does not show that the image of even such a restricted domain
in J* lies in L,(a,b).

We will now establish that 7 generates an isometry mapping #£* onto L,(a, b).

In the following for ease of presentation, and without loss of generality, we
will take L, self-adjoint so that k() = k,(1) = \/ k(2).

Now consider the transformation # defined by relation (3.1) and let us evaluate
theimageof a dense set of the form {\/(2¢k(1))/(1—z)} (where z rangesto infinity).

Then we can use the residue theorem to assert that

1 PH(E + in,p, —&) dp _E(§+in,z,—e)+E(§+in,/1,~(€)—i5,—8)
i J, prid—A00) n—2z z+i6— A0 & —id—z

and thus

o (2D _ g, - [ReD, PED @, 2D @)
@) 1@® me(%)

But Ue},i,nded(g,)=\/ (2ek(2))/(A—2z), and Ueyendeq iS, as previously remarked, an
isometry on its domain.

Thus & may be uniquely extended to an isometry on all of L,(a,b). Let us
explicitly note here that exactly the same extension would be obtained if in the
definition of & we had set n = é or replaced by — é. Furthermore let us explicitly
point out that & can also be uniquely extended to all of L(a,b) since (a,b)
is a finite interval.

Now consider the expression
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f T L T (g0, g E = f | .(O)|2de
Tm T

where the g’s are chosen as before. We have seen that we can take ' =6’ in

the definition of J without disturbing this equality, and we now consider J

to be taken in this way. Similarly, we can take = —7 in the definition of &™)
Then

s | s@RIn H(E + ik =9~ HCE = in k=) J(8)0

nio A= in = 2n(%) 2¢k(h)
: bF()’J' +in',e) — F(y,A—in’,e)i 1 (3)
. :li% J‘a A—in' =2y \/(28k(l) )gm()’)d?

- f | gn(®) |2

But we have already justified writing the left-hand side of this equality in
the form

di

[ @ aim i [ Juomernon [ 550

4n? M0 n1l0

. H({ + "" 19 —8) - H(é - i”’l’_s). H()’ + i’1', )*’ 8) - H(? - in,a '13 8)
A=A (&) —in A= An(y) + in’

and we can utilize the explicit calculation which we have made for the 1 integral
to justify a final exchange of limits with the ¢ integration. Then if we apply
Fubini’s theorem we will have

_ 1 H(é'" "1’ —8) H(é "13 ls —8)
Jtmlgm(é)lzdé lim 1:}11 iz J; di J T

(O =
Gy =@ @
H(y + in, A,&) — H(y — in, 4, ¢) um(v)
dy.
B R N O E T \/ o) XU
But by (1.8) this last expression is nothing but

lim lim — jdlf H(é"'"’al,s)_H(é ”1,)* 8)\/ ”’m(é) g,,,(f)df

o 1o 47 T= 1,0+ 1)
H(y +in’,A,e) — H(y — in’,A,€) um(v)
B X O FT \/ )

and this is, with obvious notation,
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b
lim lim T 40,-+,84,0,---,0)i 7,.(0,---,g,,0,--,0)dA.
110 7’10 a

However,

b

lim lim di yn(gOagb"',gn) fn'(go,“‘,gn)
710 n'}0 a

n b
= lim lim E d)* ‘7-"(0, "'aO’ gm90’ ’0) '7.']'(0, "‘,0, g,,,,O, "',0)
nl0 n°l0 m=1 Ja
because, as we have seen, the cross products vanish in the limit.
Hence we have deduced that

m(§H—1 b
[ 72 s = timtim [ 7o (a0
a 0 nl0 n'l0 a

However, it is still not possible to assert that this proves that
lim, |07 (80, **,&x) € Ly(a,b), because we cannot directly justify an exchange of
both the limits in the above equality with the A-integration.

Accordingly we will proceed by first showing that the iterated limit can be
replaced by a double limit, and consequently we can proceed to zero with y = n’.
Then we will have a non-negative integrand and will be able to use Fatou’s
theorem to assert that

m(¢) -1

b
j | T (gor-- 8|2 < f L |golde.

In order to implement this plan, we will show that the original iterated limit
could have been replaced by a double limit, i.e.,

lim lim f gn(&) LT, gndE

nl0 n’l0

lim gnl) ST ,g,dE.
nio Tm

Consider therefore

lim y,('m)(g-"l —5’)(80:"‘:3»)-

n' 10

Since we have shown in Lemma 4 that

b
tim [ (7, = (g0 8] dd = 0
n’ a

for the g’s under consideration, we may invoke the Banach-Steinhaus uniform
boundedness theorem [19] on L;(a,b) to assert that
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lim #™(T = T)(gos++84) = 0
n'{0

uniformly in 5. But this can happen only if lim,. ;o % ™7 (g0, ", &) is assumed
uniformly in 5.

Thus we have now satisfied the conditions for the Moore-Osgood theorem
to apply, and can accordingly assert the equality of the double and iterated
limits; and, finally, can use Fatou’s theorem.

We have therefore proved that J(go,*-,g,) € L,(a,b), and it remains to de-
monstrate that J is isometric on this set of g’s.

For this purpose recall that

mE—-1 b
J' {-‘ | :(&)|?d¢ = lim lim f T (80>s8n) T y(80s 5 &) dA.
o n n’ a

For a fixed 7,7 ,(go,,g,) defines a continuous linear functional on L,(a,b)
by the Frechet-Riesz theorem. Hence

L8 b
f ¥ g0z = lim f T 8018 7 (80, g)dA
¢ n a

but, since 7 (gq,- *,&n) € L,(a,b), this function also defines a continuous linear
functional, and we can finally assert that

mO-1 b
j S |g,0)|2de = f |7 (gor )| 2di.
e j=0 a

Since the set of g’s for which this is true is dense in #°* there exists a unique
isometric extension for 7 defined on all of s£*.

We must now show that & =1 on L,(a,b). In order to accomplish this
let us recall that (in the notation of Lemma 2)

AT — Uglndes) D(Uaxknged) = 0

since Ugiendea(82) = +/(26k(1))/(A—z) and L (2ek(4))/(A-z)) = g,. But,since &
has an inverse we can conclude from this that 7 = U.glugea On the domain of
Uatnded. But we have seen that

Vit (020 3

z A—z °

and the range of & is jzst D(Ugdnded). Hence 7% = I on all of L,(a,b).

Now J is an isometric mapping from #* onto L,(a,b). The images of the
g, are dense in L,(a,b) and & is the inverse of J hence the range of & must
be all of s*.

Now let us show that
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FLSC)) = (E8o(®),E8me (O}
if
yf( : ) = {go(ﬁ), "'9gm(§)(§)} .

To do this, let f(u) again be chosen from the dense set {/(2ek(w))/(n—z)}, for
z real and outside (a,b). Then we wish to calculate (for £ e7,)

1 bH(é + i’]ﬂl, —8) - H(é 1’1’ > —8) #x('):) \/(28k(”))
7 oo lim f =D+ \/ 2sk(),) = g ]‘“
_ 1 JQek(W)\H(E + in, A,e) — H(E — in, A,¢) #x(é)
T 2w li?}) 1;?; (L( -z ) A=A +id \/ 2sk(l)

where (f,8) = j',f(l) g(A)dA and where we have replaced 6 by —6 in & as is
permitted.
But, since L, is self-adjoint on L,(a,b), this expression is equal to

( L [H(f + in, 4,¢) — H(§ —in, 4,¢) Ilk(f) \/ (28k(1)))
¢ A=A +id 2£k(u) A-z )7

1
- lim lim
2mi 310 740

But if we recall that

1 (PHE +inpwe) dp _ EC+inz,e)  EQ+in4() - id,e)
2ni ,,u+i(5—,1j(§)u—z—z+i5—lj(§) A(l)—id—z

and use the slight modification of (1.18) relevant to the case where
b
L) = 4xd + & [ LEOK) ),

together with

1
15 yu—z

lim lim 2(E(¢ + in, Ay(&) — i6) — E(¢—in,A;(§)—id)) J o=
510 ni0 i
then the desired conclusion follows by a direct evaluation for functions of our spe-
cial class. Now let f(4) be any function of class L,(a, b). Then we can approximate
f(A) by sums, X ¢ o/(A—2,) =f,(4), so that lim,_, ., f, = f in the norm of L,(a,b).
Let us call &f,=(g(8), -, 8%%(6) =g™. Because & is an isometry

Lo > Lf =(80(6),*,8me(£)). But because our ¢ interval is bounded,
the functions égg")(é) converge to {g;i¢) in the L,(¢) norm, and hence
E9™ = (£85), ,Egme(E)) converges 10Eg(E) = (E80(&),+ Egmep(©)) in the
#* norm. Now since f,(4) is a linear combination of functions in our special
class F(L.f,) = (gS(E),+,Eg%%(&). But L, is continuous in the norm of
L,(a,b). Hence lim,_, , L,f, = L.f. Thus if we let h(1) = T{£go(£), € gme(E)}
= J(&g), we may write
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[ B = Lof (D) [lLacasy S [ B = LofuD) | ooty + | Lefol® = Lef (D) | Lataty
= [£9(0) — €9 |+ + || LS u(D) = Lof (D) | Latarty
and if we let n—> oo, we get h()=L,f(4), ie, T(g&)=L,f(4) or
€9(8) = F(Lf(2)).
The theorem is now completely proven except in the non-self-adjoint case
when

EAGLADA

Lx(A) = A(/l)x(l)+%P j .

However, although L, is not self-adjoint it is symmetrizable [20] and can be
rendered self-adjoint with respect to a new scalar product derived from the
L,(a,b) scalar product by multiplication by a simple combination of the func-
tions \/ ky(4) and \/k,(4). The remaining assertions of the theorem then furnish
the spectral representation of this new L,, considered as self-adjoint, on such
a new Hilbert space. These results follow in an entirely trivial way from the
preceding ones and their proof will be omitted here.

It is a pleasure to acknowledge a conversation with L. de Branges and the
advice and encouragement of J. W. Calkin. Finally, the author wishes to ex-
press his gratitude to K. O. Friedrichs for valuable suggestions and special
encouragement to pursue this work.

Added in proof. A connection has now been obtained [21] between the
analytic machinery developed here and the multiplicity theory of generalized
eigen-functions for arbitrary self-adjoint operators with absolutely continuous
spectra lutely continuous spectra defined over L*(E™).
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